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Abstract

A one-dimensional model of heat and mass transfer between gas and liquid streams in direct contact within a duct

has been solved using power series expansions for the unknown functions which describe the stream wise evolutions of

the bulk temperatures, the mass ratio in the gas phase and the liquid mass flow rate. The model is based on the

assumptions of constant heat and mass transfer coefficients and the existence of a thin saturated layer between the two

streams. The solution can be used for any axially invariable geometrical configuration, for any combination of fluids

and for laminar or turbulent flow conditions. It has been applied to air and water systems to investigate the effects of

different entry conditions and adiabatic or non-adiabatic walls on the performance of evaporators and condensers with

parallel or counter-flow arrangements.

� 2004 Elsevier Ltd. All rights reserved.

R�esum�e
Un mod�ele unidimensionnel de transferts de chaleur et de masse entre un �ecoulement gazeux et un film liquide en

contact direct dans une conduite a �et�e solutionn�e en postulant une variation polynomiale pour les fonctions inconnues

d�ecrivant les �evolutions axiales des temp�eratures moyennes, de la composition du gaz et du d�ebit de liquide. Le mod�ele
est bas�e sur les hypoth�eses de la constance des coefficients d’�echanges de chaleur et de masse et de l’existence d’un film

mince satur�e �a l’interface entre les �ecoulements gazeux et liquide. La solution peut être utilis�ee pour n’importe quelle

g�eom�etrie d’�echangeur, n’importe quelle combinaison de fluides et pour des r�egimes laminaire ou turbulent. Elle a �et�e
appliqu�ee �a des syst�emes air-eau pour �etudier les effets de diff�erentes conditions d’entr�ee et des parois adiabatiques ou
non adiabatiques sur les performances d’�evaporateurs et condenseurs de type co- ou contre-courant.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Simultaneous heat and mass transfer between a li-

quid and a gas in direct contact occurs in nature

(wind over a lake, . . .) and in many industrial appli-

cations (cooling towers, chemical vapour deposition
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processes, . . .). It has therefore been the subject of many

studies including an early analysis of laminar film con-

densation of saturated vapour on a vertical plate by

Nusselt [1]. The more recent literature on flows with heat

transfer and evaporation or condensation includes

experimental [2–4] and numerical [5–9] studies with

various combinations of liquids and gases for both

external and internal flows, natural and mixed convec-

tion and two- and three-dimensional configurations.

Numerical studies almost always use axially parabolic

equations and neglect viscous dissipation of energy

while, in many cases, the Boussinesq hypothesis and the
ed.
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Nomenclature

Cp specific heat at constant pressure

[J kg�1 K�1]

h specific enthalpy [J kg�1]

hfg specific enthalpy of evaporation [J kg�1]

L stream wise length of the exchanger [m]

Le Lewis number ðLe ¼ Ug=UmðCp;A þ WCp;vÞÞ
_m mass flow rate (kg s�1)

P 0 span wise length of the liquid–gas interface

[m]

P span wise length of the interface between the

wall and the liquid [m]

qw heat flux between liquid and wall [Wm�2]

T temperature [�C]
U coefficient of heat transfer [Wm�2 K�1]

Um coefficient of mass transfer [kgm�2 s�1]

W mass ratio ðW ¼ mv=mAÞ (kg of B/kg of A)

x Axial coordinate (m)

X Dimensionless axial coordinate ðX ¼ xUg=
_mACp;AÞ

Greek symbol

e parameter indicating evaporation ðe ¼ 1Þ or
condensation ðe ¼ 0Þ

Subscripts

A first component of the gas mixture (non-

soluble in the liquid)

B second component of the gas mixture (con-

densable)

g gas mixture

i inlet conditions

l liquid phase

s saturated layer

v vapour phase of component B
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negligible liquid film thickness assumption are adopted.

Nevertheless, the solution of these models require elab-

orate numerical schemes and considerable CPU time.

Therefore, the published numerical studies present re-

sults for a few particular combinations of the controlling

parameters which cannot be easily generalized. The

same is true for experimental studies which require

costly laboratory equipment and which pose consider-

able challenges regarding the control of the inlet con-

ditions (in particular those of the liquid film).

Therefore, different simplified approaches have been

proposed for modelling such double diffusion transfer

phenomena. Thus, Minkowycz and Sparrow [10] studied

analytically the laminar film condensation along an iso-

thermal flat plate using a bi-dimensional boundary layer

formulation. For internal flows, one-dimensional for-

mulations with constant heat and mass transfer coeffi-

cients are used for the design and performance analysis

of cooling towers and air humidifiers [11]. Perez-Blanco

and Bird [12] also used a one-dimensional formulation

with constant transfer coefficients and neglected span

wise temperature differences within the liquid as well as

second order differentials in the energy equation for the

gas. Marseille et al. [13] improved this formulation by a

correction equation in order to take into account the heat

transfer between the liquid and the liquid–gas interface.

Both these studies addressed counter-flow situations with

evaporation and presented numerical solutions of the

proposed models for some particular combinations of

the independent parameters. Similar one-dimensional

formulations and graphical solutions are included in

heating, ventilating and air-conditioning textbooks such

as the one by McQuiston et al. [14].
In this article we present a power series solution to

the one-dimensional differential conservation equations

for heat and mass transfer between gas and liquid

streams in direct contact within a duct of arbitrary

constant cross-section. The solution is obtained for both

parallel- and counter-flow configurations with evapora-

tion or condensation. Typical results for the stream wise

variations of the bulk temperatures and average specific

humidity for air–water flows together with a discussion

on the effects of entering conditions on these variations

are presented. Contrary to previous results, the present

solution can be applied to any combination of the

independent parameters for problems of heat and mass

transfer between gas and liquid streams in direct con-

tact.
2. Mathematical formulation

Fig. 1 shows a schematic cross-section of a duct of

length L in which heat and mass are transferred across

the interface P 0 between two streams in direct contact.

The gas stream is a binary mixture of two non-reacting

gases (small amount of B with large amount of A) in

thermodynamic equilibrium. The bottom part of the duct

contains a stream of component B in the liquid phase

which may be flowing in the same or in the opposite

direction as the gas mixture. Component A is not soluble

in the liquid but mass transfer across the liquid–gas

interface P 0 takes place by evaporation or condensation

of component B. Sensible heat is also transferred across

this interface which is augmented by the inclusion of the

capillary strips partially immersed in the liquid stream.



Fig. 1. Cross-sectional view of a heat and mass exchanger with

direct contact between a binary gas mixture and a liquid (x
coordinate perpendicular to figure).

K. Boulama et al. / International Journal of Heat and Mass Transfer 47 (2004) 3669–3681 3671
The upper part of the duct (i.e. the interface between

the duct wall and the gas mixture) is adiabatic. On the

other hand, a uniform heat flux qw is applied on the

lower part of the duct (i.e. the interface between the duct

wall and the liquid). The wall heat flux qw, the cross-

section geometry, as well as the lengths P and P 0 are

considered to be constant over the entire length of the

duct.

The gas stream enters the duct at x ¼ 0 where its bulk

temperature is Tg;i and the average mass ratio of B (mass

of B per mass of A) is Wi . The mass flow rate of com-

ponent A at x ¼ 0 is _mA;i. The mass flow rate and bulk

temperature of the liquid entering the duct (at x ¼ 0 or

x ¼ L for parallel- or counter-flow streams respectively)

are _ml;i and Tl;i respectively. The objective of the study is

to calculate the axial evolutions of the two bulk tem-

peratures TgðxÞ and TlðxÞ, of the average mass ratio W ðxÞ
and of the liquid mass flow rate _mlðxÞ for parallel- and
counter-flow configurations.

The model for this steady-state heat and mass

transfer problem is based on the existence of a very thin

film of saturated gas between the liquid and gas streams.

The temperature and mass ratio for this mass-less layer

depend on the axial position but are related by the

appropriate saturation relation:

Ws ¼ WsðTsÞ ð1Þ

In the case of air and water for example, W represents

the specific humidity and Eq. (1) corresponds to the line

for 100% relative humidity on the psychrometric chart.

Conservation of mass for components A and B over

the entire cross-section of the duct is expressed respec-

tively by the following equations:

_mA ¼ _mA;i ð2Þ

_mA

dW
dx

� d _ml

dx
¼ 0 ð3Þ

In Eq. (3) and throughout this text the upper and lower

signs correspond to parallel- and counter-flow configu-

rations respectively.
Taking into account the mass flux between the thin

saturated layer and the gas, conservation of mass for

component B in the gas stream is expressed as follows:

_mA

dW
dx

¼ UmP 0ðWs � W Þ ð4Þ

Concerning the heat transfer rates between the phases, it

is first noted that Perez-Blanco and Bird [12] as well as

the formulations in several HVAC textbooks [14] neglect

the effect of thermal resistance in the liquid and thus set

TsðxÞ equal to the corresponding bulk temperature of

the liquid. Here we consider, as did Marseille et al. [13],

that the saturated layer temperature TsðxÞ is different

from both the bulk temperatures TgðxÞ and TlðxÞ.
Accordingly, the sensible heat fluxes from the saturated

layer to the gas and liquid streams are proportional to

the temperature differences TsðxÞ � TgðxÞ and TsðxÞ�
TlðxÞ respectively. Therefore, energy conservation for the

gas mixture, for the saturated film and for the liquid is

expressed respectively by the following equations:

UgP 0ðTs � TgÞ þ e _mA

dW
dx

ðhs � hBÞ

¼ _mA

dhA
dx

�
þ W

dhB
dx

�
ð5Þ

UgP 0ðTg � TsÞ þ UlP 0ðTl � TsÞ

¼ _mA

dW
dx

½eðhs � hlÞ þ ð1� eÞðhB � hsÞ	 ð6Þ

UlP 0ðTs � TlÞ þ qwP ¼ � _ml

dhl
dx

� ð1� eÞd _ml

dx
ðhl � hsÞ

ð7Þ

In these last three equations the parameter e is equal to

unity in the presence of evaporation and to zero in the

presence of condensation. The sum of these three equa-

tions expresses the global energy conservation over the

entire cross-section of the duct and is independent of e.
For counter-flow evaporation, Eqs. (3)–(7) reduce to

those used in previously published articles and textbooks

[12–14]. Perez-Blanco and Bird [12] as well as Marseille

et al. [13] solved this system of differential equations

numerically by means of a Runge Kutta scheme while

the HVAC textbooks [14] used a graphical solution. To

obtain these solutions it is assumed in all these studies

that the heat and mass transfer coefficients Ug, Ul and

Um are constant. This assumption is also used in the

present study, noting that it is analogous to the corre-

sponding one used in the analysis of heat exchangers

which leads to the generally accepted LMTD and

effectiveness-NTU methods [1].

Eqs. (5)–(7) can be simplified using the following

additional assumptions:

i(i) The two components of the gas mixture are assumed

to be ideal gases with constant properties (that is,



3672 K. Boulama et al. / International Journal of Heat and Mass Transfer 47 (2004) 3669–3681
the specific heats at constant pressure are indepen-

dent of temperature);

(ii) The subcooling of the liquid is assumed to be suffi-

ciently small so that hs � hl 
 hfg in Eqs. (6) and (7)

(consistently with the previous assumption, the en-

thalpy of vapourisation is considered to be constant).

With these assumptions, Eqs. (5)–(7) become:

UgP 0ðTs � TgÞ þ e _mA

dW
dx

Cp;vðTs � TgÞ

¼ _mAðCp;A þ WCp;vÞ
dTg
dx

ð5aÞ

UgP 0ðTg � TsÞ þ UlP 0ðTl � TsÞ

¼ _mA

dW
dx

½ehfg þ Cp;vð1� eÞðTg � TsÞ	 ð6aÞ

UlP 0ðTs � TlÞ þ qwP ¼ � _mlCl

dTl
dx

� ð1� eÞ d _ml

dx
hfg ð7aÞ

The five differential equations (3), (4), (5a), (6a), (7a)

together with relation (1) can be used to determine the

unknown functions TgðxÞ, W ðxÞ, _mlðxÞ, TlðxÞ, TsðxÞ and

WsðxÞ. It should be noted that according to relation (2),

the first two differential equations (3) and (4) are linear

while the last three (5a), (6a) and (7a) contain products

of the unknown functions.

The boundary conditions for this problem are:

Tgðx ¼ 0Þ ¼ Tg;i and W ðx ¼ 0Þ ¼ Wi ð8Þ

and

Tlðx ¼ 0Þ ¼ Tl;i and _mlðx ¼ 0Þ ¼ ml;i ð9aÞ

for parallel-flow streams, or

Tlðx ¼ LÞ ¼ Tl;i and _mlðx ¼ LÞ ¼ ml;i ð9bÞ

for counter-flow streams.
3. Solution method

We assume that the unknown functions can be ex-

pressed as power series:

Ts ¼
X1
j¼0

ajxj; W ¼
X1
j¼0

bjxj; Tg ¼
X1
j¼0

djxj;

_ml ¼
X1
j¼0

fjxj and Tl ¼
X1
j¼0

gjxj ð10Þ

It is also assumed that the relation 1 between Ws and Ts
can be approximated by a quadratic:

Ws ¼ c0 þ c1Ts þ c2T 2
s ð1aÞ

The coefficients c0, c1, and c2 are known constants ob-

tained by a least square method from the exact corre-

sponding values of Ws and Ts.
To compute the coefficients of the power series in Eq.

(10), we first consider the boundary conditions. Thus,

Eq. (8) together with the expressions of W and Tg give:

b0 ¼ Wi and d0 ¼ Tg;i ð11Þ

For parallel-flow streams, Eq. (9a) together with the

expressions of _ml and Tl give:

f0 ¼ _ml;i and g0 ¼ Tl;i ð12aÞ

or, alternatively, for counter-flow streams from Eq. (9b):X1
j¼0

fjLj ¼ _ml;i and
X1
j¼0

gjLj ¼ Tl;i ð12bÞ

Combining the polynomial expression for Ts with Eq.

(1a) and replacing the result as well as the polynomial

expression for W in Eq. (4), we find:

b1 ¼
UmP 0

_mA

ðc0 þ c1a0 þ c2a20 � b0Þ ð13aÞ

and

bj ¼
UmP 0

j _mA

½c1aj�1 þ c2ða0aj�1 þ a1aj�2 þ    þ aj�2a1

þ aj�1a0Þ � bj�1	 for jP 2 ð13bÞ

Similarly, by replacing the polynomial expressions for W
and _ml in Eq. (3), we obtain:

fj ¼ � _mAbj for jP 1 ð14Þ

Thus the expressions for bj and fj in terms of the known

constants c0, c1, and c2 and the as yet unknown coeffi-

cients aj are the same for evaporation and condensation

processes. On the other hand, the coefficients aj, dj and
gj which must be determined from Eqs. (5a), (6a) and

(7a) depend on the value of the parameter e. We must

therefore distinguish two cases for their evaluation.

3.1. Heat transfer with evaporation

With e ¼ 1 Eqs. (5a), (6a) and (7a) become:

UgP 0ðTs � TgÞ þ _mA

dW
dx

Cp;vðTs � TgÞ

¼ _mAðCp;A þ WCp;vÞ
dTg
dx

ð5bÞ

UgP 0ðTg � TsÞ þ UlP 0ðTl � TsÞ ¼ _mAhfg
dW
dx

ð6bÞ

UlP 0ðTs � TlÞ þ qwP ¼ � _mlCl

dTl
dx

ð7bÞ

Eq. (6b) indicates that in this case the latent heat of

evaporation is equal to the algebraic sum of the heat

transferred to the saturated layer by the gas and by the

liquid. It is also important to note that Eq. (7b) does not

imply that the liquid mass flow rate _ml is constant (cf.

Eq. (3)).
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If the series expansions of Ts, W , Tg, _ml and Tl are
replaced in (5b), (6b) and (7b) the following relations are

obtained:
dj ¼
UgP 0ðaj�1 � dj�1Þ þ _mACp;v½b1ðaj�1 � dj�1Þ þ 2b2ðaj�2 � dj�2Þ þ    þ jbjða0 � d0Þ	

j _mAðCp;A þ WCp;vÞ
for jP 1 ð15aÞ
g1 ¼
1

f0

�
� UlP 0

Cl

ða0 � g0Þ �
qwP
Cl

�
ð15bÞ

gj ¼
1

jf0

�
� UlP 0

Cl

ðaj�1 � gj�1Þ � ðj� 1Þf1gj�1

� ðj� 2Þf2gj�2 �    � fj�1g1

�
for jP 2 ð15cÞ

aj ¼
UgP 0dj þ UlP 0gj � ðjþ 1Þ _mAhfgbjþ1

UgP 0 þ UlP 0 for jP 0

ð15dÞ

It is interesting to note that the heat flux across the so-

lid–liquid interface appears explicitly only in the
aj ¼
UgP 0dj þ UlP 0gj � _mACp;v½ðjþ 1Þbjþ1d0 þ jbjðd1 � a1Þ þ    þ b1ðdj � ajÞ	

UgP 0 þ UlP 0 � _mACp;vb1
for jP 0 ð16dÞ
expression for g1 (Eq. (15b)). However, it indirectly

influences all the other coefficients through Eqs. (15c),

(15d), (15a), (13b) and (14) which clearly indicate the

coupling between the three temperatures, the mass ratio

of the gas mixture and the liquid mass flow rate.

Eqs. (11)–(15) can be used to calculate the coefficients

of the power series defined in Eqs. (10) up to any re-

quired order j. Therefore, the axial evolutions of the

temperatures, the mass ratio of the gas mixture and the

liquid mass flow rate in a parallel- or counter-flow

evaporator can be determined for any combination of

the inlet conditions.

3.2. Heat transfer with condensation

With e ¼ 0 Eqs. (5a), (6a) and (7a) become:

UgP
0ðTs � TgÞ ¼ _mAðCp;A þ WCp;vÞ

dTg
dx

ð5cÞ

UgP 0ðTg � TsÞ þ UlP 0ðTl � TsÞ

¼ _mACp;v
dW
dx

ðTg � TsÞ ð6cÞ

UlP 0ðTs � TlÞ þ qwP ¼ � _mlCl

dTl
dx

� d _ml

dx
hfg ð7cÞ

In this case, the latent heat of condensation is distrib-

uted between three terms: heat transfer toward the sat-
urated layer and across the solid–liquid interface as well

as a variation of the liquid’s internal energy. It is also

important to note that Eq. (5c) does not imply that the

mass ratio W is constant (cf. Eqs. (3) and (6c)).
If we replace the series expansions of Ts, W , Tg, _ml

and Tl in (5c), (6c) and (7c), the following relations are

obtained:

dj ¼
UgP 0ðaj�1 � dj�1Þ
j _mAðCp;A þ WCp;vÞ

for jP 1 ð16aÞ

g1 ¼
1

f0

�
� UlP 0

Cl

ða0 � g0Þ �
qwP
Cl

þ hfgf1

�
ð16bÞ

gj ¼
1

jf0

�
� UlP 0

Cl

ðaj�1 � gj�1Þ � j
hfgfj
Cl

� ðj� 1Þf1gj�1

� ðj� 2Þf2gj�2 �    � fj�1g1

�
for jP 2 ð16cÞ
It is again noted that the external heat flux qw influences

all the unknown variables despite the fact that it appears

explicitly only in Eq. (16b).

Eqs. (11)–(14) and (16) can be used to determine the

coefficients aj, bj, dj, fj and gj up to any required order j.
Therefore, the expressions for TsðxÞ, W ðxÞ, TgðxÞ, _mlðxÞ
and TlðxÞ defined by Eq. (10) can be determined for any

parallel- or counter-flow condenser.
3.3. Solution procedure

All the thermophysical properties of the gas mixture

and the liquid are evaluated at the known inlet condi-

tions.

The values of the heat transfer coefficients Ul and Ug

are evaluated from analytical results for different ther-

mal boundary conditions [15] in the case of fully devel-

oped laminar flow or from heat transfer correlations [1]

relating the Nusselt number to the Prandtl and Reynolds

numbers in the case of developing or turbulent flow. The

Reynolds number is calculated from the entering liquid

or gas mass flow rates and the particular geometry under

consideration (Fig. 1).

The value of the mass transfer coefficient Um can be

evaluated analogously based on the Schmidt and Rey-

nolds numbers. Alternatively, it can be calculated from

the heat transfer coefficient if the Lewis number is known.
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The decision on whether to use the relations for

evaporation or for condensation can be based on a

comparison of the entering mass ratio of the gas mixture

Wi with the corresponding saturation value at the

entering liquid temperature. If Wi < WsðTl;iÞ evaporation
is expected while if the opposite is true condensation will

almost certainly occur. In case of doubt, a guess on one

or the other of the two options is made. If it is not the

right one, the calculations lead to physically unaccept-

able results.

The values of the coefficients in Eq. (10) can be cal-

culated for any given combination of the 11 independent

variables _ma, Tg;i, Wi , _ml;i, Tl;i, P , P 0, qw, Ug, Ul and Um

with a simple spreadsheet. In the present case, using

excell and a Pentium IV PC, graphical representations of

the dependent functions TgðxÞ, W ðxÞ, TsðxÞ, TlðxÞ, _mlðxÞ
were generated in less than 3 s.
4. Validation of the proposed solution

4.1. Comparison with analytical solution for simple heat

exchangers

The case of heat transfer without mass transfer is

represented by simply setting the coefficient of mass

transfer Um equal to zero in Eq. (4). Then Eqs. (3) and

(4) indicate that both gas and liquid mass flow rates are

constant and Eqs. (5a), (6a), (7a) become:

UgP 0ðTs � TgÞ ¼ _mAðCp;A þ WCp;vÞ
dTg
dx

ð17aÞ

UgP 0ðTg � TsÞ þ UlP 0ðTl � TsÞ ¼ 0 ð17bÞ

UlP 0ðTs � TlÞ þ qwP ¼ � _mlCl

dTl
dx

ð17cÞ

These equations are the standard energy conservation

equations for parallel- or counter-flow (positive or neg-

ative sign in Eq. (17c) respectively) heat exchangers with

external heat transfer to one of the two fluids. For this

situation Ts represents the temperature of the solid

interface separating the two fluids. In this case, without

mass transfer, both fluids can be liquids or gases. The

exact solution to this system of three equations is:

Tl ¼ A expð�nxÞ þ uxþ B ð18aÞ

where

n ¼ UgP 0Ul

Ug þ Ul

_mlCl � _mAðCp;A þ WCp;vÞ
_mlCl _mAðCp;A þ WCp;vÞ

 !
ð18bÞ

and

u ¼ qwP
_mAðCp;A þ WCp;vÞ � _mlCl

ð18cÞ
This general form is always valid except for the partic-

ular case of a counter-flow heat exchanger with equal

liquid and gas heat capacity rates.

The constants A and B depend on the flow configu-

ration. For parallel-flow, for which Tgðx ¼ 0Þ ¼ Tg;i and
Tlðx ¼ 0Þ ¼ Tl;i, their expressions are:

A ¼ 1

n
ðTl;i � Tg;iÞ

_mlCl

UgP 0Ul

Ug þ Ul

�
þ u � qwP

_mlCl

�
ð18dÞ

B ¼ Tl;i � A ð18eÞ

For counter-flow, for which Tgðx ¼ 0Þ ¼ Tg;i and

Tlðx ¼ LÞ ¼ Tl;i, they are:

A ¼
Tg;i � Tl;i þ u Lþ _mlCl

Ug þ Ul

UgP 0Ul

� �
þ qwP

Ug þ Ul

UgP 0Ul

1� expð�nLÞ þ _mlCl

Ug þ Ul

UgP 0Ul

� �
n

ð18fÞ

and

B ¼ Tl;i � A expð�nLÞ � uL ð18gÞ

The temperatures of the second fluid and of the interface

are given by the following expressions:

Tg ¼ Tl þ
Ug þ Ul

UgP 0Ul

�
� _mlCl

dTl
dx

� qwP
�

ð19Þ

Ts ¼
UgTg þ UlTl
Ug þ Ul

ð20Þ

This exact solution can be compared with the corre-

sponding series expansion solution derived in the pre-

vious section of the paper. By putting Um ¼ 0 in Eq.

(13), the coefficients of Eq. (10), as given either by the

relations (11)–(15) (for evaporation) or by the relations

(11)–(14) and (16) (for condensation), become:

bj ¼ fj ¼ 0 for jP 1 ð21aÞ

dj ¼
UgP 0ðaj�1 � dj�1Þ
j _mAðCp;A þ WCp;vÞ

for jP 1 ð21bÞ

g1 ¼
1

f0

�
� UlP 0

Cl

ða0 � g0Þ �
qwP
Cl

�
ð21cÞ

gj ¼
1

jf0

�
� UlP 0

Cl

ðaj�1 � gj�1Þ
�

for jP 2 ð21dÞ

aj ¼
Ugdj þ Ulgj
Ug þ Ul

for jP 0 ð21eÞ

Eqs. (21a) indicate that the mass flow rates of the two

fluids are constant as expected. The temperatures of the

two fluids and of the interface are calculated from Eq.

(10) using the boundary conditions (11) and (12) to-

gether with Eqs. (21b), (21c), (21d) and (21e).

Fig. 2 shows a comparison of the axial temperature

evolutions in a parallel- (Fig. 2a) and in a counter-flow
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Fig. 2. Validation of the proposed model: (a) parallel-flow heat

exchanger, (b) counter-flow heat exchanger.
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(Fig. 2b) heat exchanger obtained from the exact solu-

tion (Eqs. (18)–(20)) and the power series expansions

(Eqs. (10)–(12) and (21)). For this comparison the hot

and cold fluids are moist air (Tg;i ¼ 30 �C and Wi ¼ 0:02)
and water (Tl;i ¼ 15 �C) respectively. The mass flow rates

of dry air and water are equal ( _mA ¼ _ml;i ¼ 0:1 kg/s) and

a uniform external heat flux (qw ¼ 100 W/m2) is supplied

to the water. The Nusselt numbers for the water and air

flows are set equal to 4.0 and 4.86 respectively. These are

the Nusselt numbers for fully developed laminar flow in

channels with, in the first case, an adiabatic and an

isothermal boundary and, in the second case, an iso-

thermal and a uniform heat flux boundary [15]. The

geometrical variables for this validation are P ¼ 1 m,

P 0 ¼ 10 m and the exchanger cross-section is rectangular

(1 m by 0.1 m). The power series in Eq. (10) were

truncated after x3 (i.e. the coefficients of xj are equal to

zero for jP 4). The agreement between the two solu-

tions is excellent in both parallel- and counter-flow
configurations over the entire length of the heat ex-

changer (the maximum error committed is less than

0.6%).

Equally good agreement between the exact solution

and the power series expansions has been obtained for

other operating conditions with different fluid combi-

nations and both parallel- and counter-flow configura-

tions. We therefore consider that the third order power

series expansions provide sufficiently accurate represen-

tations of the axial evolution of the bulk temperatures

for any such heat exchanger.

4.2. Comparison with published results for heat and mass

transfer

Based on the results of the previous section, we as-

sume that the third order power series expansions can be

used to represent the axial evolutions of bulk tempera-

tures, liquid mass flow rate and mass ratio of the gas

phase for the parallel- and counter-flow heat and mass

transfer installations such as the one schematized in Fig.

1. Validation of the proposed model and the truncated

power series solution for cases with both heat and mass

transfer between humid air and a moving water film is

provided in Fig. 3. It presents the axial evolutions of Ts
and W predicted by the present method and corre-

sponding results by Yan [16] who solved the two-

dimensional partial differential equations to evaluate the

effect of evaporation on laminar mixed convection in a

vertical parallel plate channel. This numerical study is

one of the relatively few which considers a finite liquid

film thickness and shows very clearly that the assump-

tion of the negligible liquid film thickness is inappro-

priate, especially near the channel entrance, for high

liquid mass flow rates. The values predicted by the

present analytical solution were calculated with Nug ¼
4:86 and Nul ¼ 4:0. For Fig. 3 the Reynolds number and

hydraulic diameter are such that the length of the

channel is 3 m. The results show that the temperatures

predicted by the present method are in very good

agreement with Yan’s results, particularly in the first 2 m

of the channel. In the case of the specific humidity (Fig.

3b), the two methods predict similar qualitative results

but the numerical values differ by as much as 10%. In

view of the complexity of the problem and the number

of differing assumptions used by the two studies, we

consider that the overall agreement is acceptable.

4.3. Other tests

In order to further evaluate the proposed model and

its power series solution, several tests have been per-

formed for easily predictable limiting cases. Thus, for

example, for an air–water combination with Tg;i ¼ Tl;i ¼
15 �C, Wi ¼ Ws (15 �C), _ma ¼ _ml;i ¼ 0:1 kg/s and qw ¼ 0,

the truncated power series for both evaporation and
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Fig. 3. Validation of the proposed model for parallel-flow with

heat and mass transfer.
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condensation result in TgðxÞ ¼ TlðxÞ ¼ TsðxÞ ¼ 15 �C,
_mlðxÞ ¼ 0:1 kg/s and W ðxÞ ¼ Ws (15 �C) within 6 signif-

icant figures for 06 x6 6 m. This and other similar re-

sults indicate the precision and stability of the third

order truncated power series.
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Fig. 4. Effects of mass flow rate ratio at inlet on the perfor-

mance of an adiabatic parallel-flow heat and mass exchanger

with evaporation.
5. Application to air and water streams

Simultaneous heat and mass transfer between air and

water occurs in many situations of practical interest.

This combination of fluids is therefore used to illustrate

the application of the truncated power series solution by

investigating the effects of different entry conditions on

the axial evolution of the specific air humidity and of the

bulk temperatures. It should be noted that for these

calculations we have assumed that the duct is rectan-

gular with a height of 0.1 m and P 0 ¼ 10P ¼ 10 m, that

Nug ¼ 4:86, Nul ¼ 4:0 and Le ¼ 0:9. The saturation
conditions (Eq. (1) or (1a)) for the temperature range

under consideration (86 T 6 44 �C) and standard

atmospheric pressure are approximated by:

Ws ¼ ð7:17� 0:29T þ 0:0333T 2Þ10�2

where T is in �C and Ws is in kg of vapour per kg of dry

air.

5.1. Heat exchanger with evaporation

Fig. 4a and b illustrate the effect of the mass flow rate

ratio ð _ml;i= _mAÞ on the performance of an adiabatic

ðqw ¼ 0Þ parallel-flow evaporator using warm dry air

ðTg;i ¼ 35 �C and Wi ¼ 0:005) and cool water (Tl;i ¼ 15

�C). Predictably, as the fluids move downstream, their

temperatures tend towards an intermediate value and

the air humidity increases (Fig. 4a). The temperature of

the saturated layer Ts varies similarly to that of the liquid
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Fig. 5. Effects of water temperature at inlet on the performance

of an adiabatic parallel-flow heat and mass exchanger with

evaporation.
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Tl and is not shown in the figure because it is very close

to the latter. Near the inlet the rate of evaporation,

which is proportional to the slope of W ðxÞ, is the same

for all cases (Fig. 4b). Further downstream however, the

rate of evaporation increases as _ml;i= _mA decreases. The

liquid mass flow rate decreases monotonically with x as

expected. Since its decrease over the entire length of the

exchanger is very small, _mlðxÞ has not been plotted. Fig.

4a also shows that when _ml;i= _mA decreases the temper-

ature of the water stream increases while that of the air

stream increases very slightly. It is obvious from these

results that, for the conditions under consideration, the

air supplies both the latent heat of evaporation corre-

sponding to the increase of the specific humidity and the

sensible heat corresponding to the temperature increase

of the liquid. Finally the differences observed on Fig. 4a

and b when different mass flow rate ratios are considered

confirm the necessity to take into account the presence

and movement of the liquid film rather than assuming

that its thickness is negligible.

Fig. 5a and b illustrate the effect of the inlet liquid

temperature on the performance of an adiabatic paral-

lel-flow evaporator with _mA ¼ _ml;i ¼ 0:1 kg/s and Wi ¼
0:005 kg steam/kg air. For these calculations, the inlet

temperature difference DT ¼ Tg;i � Tl;i was held constant

and equal to 20 �C. The results represented in Fig. 5a

show that the air temperature change between the inlet

and outlet increases slightly as Tl;i increases. The same

tendency applies to the sensible heat transfer from the

gas stream. In the liquid film a rather unexpected phe-

nomenon occurs. As the axial coordinate x increases, the
liquid temperature increases for Tl;i ¼ 15 �C but de-

creases for Tl;i ¼ 25 �C. So, in the former case sensible

heat is supplied to the liquid while in the latter case it is

lost by the liquid. In Fig. 5b, it can be seen that the rate

of evaporation is always higher near the inlet and in-

creases considerably with increasing entering liquid

temperature. These results indicate that for low values of

Tl;i the air supplies the latent heat necessary for the

evaporation as well as the sensible heat to increase the

temperature of the liquid. On the other hand, for higher

values of Tl;i, the latent heat of evaporation is supplied

by both fluids. The previous observations concerning

TsðxÞ and _mlðxÞ apply again.

Fig. 6a and b illustrate the effect of the inlet air

humidity on the performance of a parallel-flow adiabatic

evaporator. During this analysis entering temperatures

and mass flow rates of water and dry air were kept con-

stant ð _mA ¼ _ml;i ¼ 0:1 kg/s, Tl;i ¼ 15 �C and Tg;i ¼ 35 �C).
It is seen (Fig. 6b) that the rate of evaporation decreases

considerably as Wi increases. Since a smaller rate of

evaporation implies a reduced latent heat flux, the net

sensible heat transfer to the water film increases and the

cooling effect on themoist air stream is worsened (Fig. 6a).

The effects of wall heating and those of the flow

arrangement (parallel- or counter-flow exchanger) on
the transfer phenomena have also been investigated but

are not presented for lack of space. For the combina-

tions of variables in Figs. 4–6, it has been shown that

when a uniform heat flux is supplied to the liquid, both

air and water temperatures as well as the evaporation

rate increase. However, the effect on Tl is greater than

that on Tg. On the other hand, the counter-flow con-

figuration results in different local heat and mass fluxes

but has a rather small beneficial effect on the overall

change of the temperatures and specific humidity.

This result is qualitatively similar to the small perfor-

mance improvement of heat exchangers with low NTU

values [1].

5.2. Heat transfer with condensation

Fig. 7a and b illustrate the effect of the mass flow rate

ratio ð _ml;i= _mAÞ on the performance of an adiabatic
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Fig. 7. Effects of mass flow rate ratio at inlet on the perfor-

mance of an adiabatic parallel-flow heat and mass exchanger

with condensation.
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Fig. 6. Effects of vapour mass fraction in the entering moist air

on the performance of an adiabatic parallel-flow heat and mass

exchanger with evaporation.
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ðqw ¼ 0Þ parallel-flow condenser using warm humid air

(Tg;i ¼ 35 �C and Wi ¼ 0:02) and cool water (Tl;i ¼ 15

�C). As expected, the two temperatures tend towards an

intermediate value and the vapour mass ratio in the gas

phase decreases. It is noted that the sensible heat

transfer from the air stream and the rate of condensation

increase with _ml;i= _mA. However, since the latter increases

faster than the former, less sensible heat (per kilogram

per second) is transferred to the water when _ml;i= _mA

increases. Therefore the temperature change of the water

decreases as _ml;i= _mA increases. The important effect of

the mass flow rate ratio on the liquid temperature

change (Fig. 7a) and on the specific humidity change

(Fig. 7b) confirms, once again, the necessity of taking

into account the presence and the movement of the

liquid film.
Fig. 8a and b illustrate the effect of the inlet liquid

temperature on the performance of an adiabatic

parallel-flow condenser with _mA ¼ _ml;i ¼ 0:1 kg/s and

Wi ¼ 0:025 kg steam/kg dry air. For these calculations

the inlet temperature difference DT ¼ Tg;i � Tl;i was held
constant and equal to 20 �C. The results shown in Fig.

8a indicate that, when the entering water temperature

increases, the sensible heat transfer to the water stream

decreases slightly without any significant effect on the

evolution of the air temperature. On the other hand, Fig.

8b indicates that the rate of condensation decreases

considerably when water enters the exchanger with high

temperatures. The relative effects on Tl � Tl;i and Wi � W
are consistent with an overall energy balance which

indicates that these quantities are inversely proportional

to _ml;iCl;i and _mahfg respectively.



0.0 0.1 0.2 0.3 0.4 0.5 0.6

16

18

20

22

24

26

28

30

32

34

(a)

T
l

W
i
= 0.015 kg steam / kg dry air

W
i
= 0.022 kg steam / kg dry air

W
i
= 0.030 kg steam / kg dry air

W
at

er
an

d
m

oi
st

ai
r

te
m

pe
ra

tu
re

s
[o C

]

Dimensionless axial coordinate X

T
g

0.0 0.1 0.2 0.3 0.4 0.5 0.6

0.014

0.016

0.018

0.020

0.022

0.024

0.026

0.028

0.030

(b)

Wi = 0.015 kg steam / kg dry air
Wi = 0.022 kg steam / kg dry air
Wi = 0.030 kg steam / kg dry air

Sp
ec

if
ic

hu
m

id
ity

of
m

oi
st

ai
r

Dimensionless axial coordinate X

Fig. 9. Effects of vapour mass fraction in the entering moist air

on the performance of an adiabatic parallel-flow heat and mass

exchanger with condensation.
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Fig. 8. Effects of water temperature at inlet on the performance

of an adiabatic parallel-flow heat and mass exchanger with

condensation.
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Fig. 9a and b illustrate the effect of the inlet air

humidity on the performance of a parallel-flow adiabatic

heat and mass exchanger in the presence of condensa-

tion. The entering temperatures and mass flow rates of

water and dry air are kept constant (Tl;i ¼ 15 �C, Tg;i ¼
35 �C and _mA ¼ _ml;i ¼ 0:1 kg/s) and different values of

Wi are considered. Fig. 9b shows that the rate of con-

densation increases as Wi increases, thus providing more

and more latent heat to both the air and water streams.

By so doing, the increase of Wi enhances the heating of

the water stream and reduces the cooling of the air

stream (Fig. 9a).

As in the case of evaporation, the interface temper-

ature TsðxÞ is very slightly higher than that of the liquid

and the change of _ml from the inlet to the outlet of the
duct is very small in all the investigated situations.

Therefore these variables are not plotted in the paper.

The effects of wall cooling and flow arrangement

have also been investigated. In all cases, it has been

found, that when a uniform negative heat flux is applied

on the bottom wall, both the air and water temperatures

decrease while the condensation rate increases. The ef-

fect of the flow arrangement is the same as that discussed

in the preceding section.
6. Conclusion

The proposed one-dimensional model for the study

of heat and mass transfer between gas and liquid streams
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in direct contact is based on the assumptions of constant

fluid properties and constant transfer coefficients, iden-

tical to those used for the analysis of heat exchangers. It

takes into account the presence and movement of the

liquid film, which have been neglected in many two- and

three-dimensional numerical studies despite its proven

influence on heat and mass transfer rates. It also takes

into account temperature differences in the liquid per-

pendicular to its flow direction, which had been ne-

glected in previous one-dimensional studies.

The proposed power series solution has not been

previously applied to this problem. Its truncated

approximation has been successfully validated by com-

parisons with the analytical solution for a simple heat

exchanger and with CFD results for a heated direct

contact evaporator. It can be used for any axially

invariable geometry, for any gas–liquid combination, for

parallel- and counter-flow configurations, for evapora-

tors or condensers, for adiabatic or uniformly heated

solid–liquid interfaces, as well as for laminar and tur-

bulent flow conditions (by an appropriate choice of

transfer coefficients). Since its application is simple and

does not require sophisticated or costly equipment, it is

more useful than the results of previously published

experimental and numerical studies which describe the

performance of such heat and mass transfer processes

for a particular combination of the independent

parameters.

The application of the model and its truncated power

series solution to air–water systems illustrates their

flexibility. These results indicate that entering water

temperature and specific air humidity greatly influence

the heat and mass transfer rates in a direct contact

evaporator. Their effects on the sensible heat transfer

from the gas is always small while the sensible heat

transfer to the liquid stream significantly increases and

the evaporation rate decreases when the entering water

temperature decreases or when the specific humidity of

the entering moist air increases. Entering water tem-

perature, specific humidity of the entering moist air and

the mass flow rate ratio also influence the transfer rates

in a direct contact condenser. In fact, the condensation

rates and the heat transfer to the liquid stream decrease

when the entering liquid temperature is raised and in-

crease as the entering air humidity increases. Raising the

ratio of liquid to dry air mass flow rates also contributes

to enhance the condensation process but reduces the

sensible heat transfer to the liquid stream. In all cases,

the effect on the gas side sensible heat transfer is less

significant.

Wall cooling or heating are also shown to have sig-

nificant effects on the transfer phenomena. Conversely,

flow arrangement has no major effect for the conditions

of this study.
Acknowledgements

The support of this work by the Natural Sciences and

Engineering Research Council of Canada is gratefully

acknowledged.
References

[1] F.P. Incropera, D.P. DeWitt, Fundamentals of Heat and

Mass Transfer, fifth ed., Wiley, New York, 2001.

[2] M. Haji, L.C. Chow, Experimental measurement of

water evaporation rates into air and superheated

steam, ASME Trans., J. Heat Transfer 110 (1988) 237–

242.

[3] Y.L. Tsay, T.F. Lin, W.M. Yan, Cooling of a falling liquid

film through interfacial heat and mass transfer, Int. J.

Multiphase Flow 16 (1990) 853–865.

[4] W.M. Yan, T.F. Lin, Y.L. Tsay, Evaporative cooling of

liquid film through interfacial heat and mass transfer in a

vertical channel––I. Experimental study, Int. J. Heat Mass

Transfer 34 (1991) 1105–1111.

[5] L.C. Chow, J.N. Chung, Evaporation of water into a

laminar stream of air and superheated steam, Int. J. Heat

Mass Transfer 26 (1983) 373–380.

[6] A. Agunaoun, M. Kaoua, A. Da€ıf, M. Daguenet, �Evapo-

ration en convection mixte d’un film liquide d’un m�elange

binaire s’�ecoulant sur un plan inclin�e soumis �a un flux de

chaleur constant, Int. J. Heat Mass Transfer 41 (1988)

2197–2210.

[7] A. Ali Cherif, A. Da€ıf, �Etude num�erique du transfert de

chaleur et de masse entre deux plaques planes verticales

en pr�esence d’un film binaire ruisselant sur l’une des

plaques chauff�ee, Int. J. Heat Mass Transfer 42 (1999)

2399–2418.

[8] C. Debbissi, J. Orfi, S. Ben Nasrallah, Evaporation of

water by free convection in a vertical channel including

effects of wall radiative properties, Int. J. Heat Mass

Transfer 44 (2001) 811–826.

[9] J. Orfi, N. Galanis, Developing laminar mixed convection

with heat and mass transfer in horizontal and vertical

tubes, Int. J. Therm. Sci. 41 (2002) 319–331.

[10] W.J. Minkowycz, E.M. Sparrow, Condensation heat

transfer in the presence of noncondensables, interfacial

resistance, superheating, variable properties, and diffusion,

Int. J. Heat Mass Transfer 9 (1966) 1125–1144.

[11] ASHRAE, Handbook of Fundamentals, Atlanta, 2001

(Chapter 5).

[12] H. Perez-Blanco, W.A. Bird, Study of heat and mass

transfer in a vertical-tube evaporative cooler, ASME

Trans, J. Heat Transfer 106 (1984) 210–215.

[13] T.J. Marseille, J.S. Schliesing, D.M. Bell, B.M. Johnson,

Extending cooling tower thermal performance––prediction

using a liquid–side film resistance model, Heat Transfer

Eng. 12 (1991) 19–30.

[14] F.C. McQuiston, J.D. Parker, J.D. Spitler, Heating,

Ventilating and Air Conditioning: Analysis and Design,

fifth ed., Wiley, New York, 2000 (Chapter 13).



K. Boulama et al. / International Journal of Heat and Mass Transfer 47 (2004) 3669–3681 3681
[15] S. Kakac�, R.K. Shah, W. Aung, Handbook of Sin-

gle-Phase Convective Heat Transfer, Wiley, New York,

1987.
[16] W.M. Yan, Effects of film evaporation on laminar mixed

convection heat and mass transfer in a vertical channel, Int.

J. Heat Mass Transfer 35 (1992) 3419–3429.


	Heat and mass transfer between gas and liquid streams in direct contact
	Introduction
	Mathematical formulation
	Solution method
	Heat transfer with evaporation
	Heat transfer with condensation
	Solution procedure

	Validation of the proposed solution
	Comparison with analytical solution for simple heat exchangers
	Comparison with published results for heat and mass transfer
	Other tests

	Application to air and water streams
	Heat exchanger with evaporation
	Heat transfer with condensation

	Conclusion
	Acknowledgements
	References


